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PRIMITIVE IDEALS OF TWISTED GROUP ALGEBRAS
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OTHA L. BRITTON

ABSTRACT. E. Effros and F. Hahn have conjectured that if (G, Z) is
a second countable locally compact transformation group, with G amenable,
then every primitive ideal of the associated C*-algebra arises as the kernel of
an irreducible representation induced from a stability subgroup. Results of
Effros and Hahn concerning this conjecture are extended to include the twisted
group algebra Ll(G, A; T, o), where A is a separable type I C*-algebra.

1. Introduction. Twisted group algebras in their most general setting were
introduced by Horst Leptin in [11], [12], and [13] (under the name of general-
ized group algebras) and independently by R. C. Busby and H. A. Smith in [4].
Included as special cases of twisted group algebras are the usual group algebras
(L}(G) equipped with convolution and involution), transformation group algebras,
covariance algebras (which are studied in quantum physics) and the group algebras
of group extensions. One of the most important concepts in the theory of twisted
group algebras is that of induced representation. In [14], G. W. Mackey defined
this concept for the theory of unitary representations of locally compact groups
and studied the problem of trying to obtain all (up to equivalence) unitary repre-
sentations of a group by inducing from certain subgroups. Mackey showed that
when a particular condition (which he called “regularly imbedded”) is satisfied,
one may obtain all such representations in this manner, but that if this condition
is not satisfied, one cannot in general obtain all such representations. In [17],
M. Takesaki generalized this result to the case of covariance algebras, and in [10],
H. Leptin generalized this result to the case of twisted group algebras, but where
the element T in the twisting pair (7, a) (see §2) is multiplicative.

In the setting of transformation groups, E. Effros and F. Hahn conjectured
in [6] that even though it may be impossible to obtain all representations by in-
ducing (from the desired subgroups), possibly one may at least obtain the primi-
tive ideal space in this manner. Effros and Hahn obtained some results along this
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line, and we give a generalization of these results to the case of twisted group
algebras.

In §2, we give various definitions and other preliminary material needed in
the paper. The induced representations defined by Busby and Smith in [4] are
not general enough for the problem studied here, so in §3 we define an induced
representation which follows more closely the definition given by Takesaki in [17]
(and which reduces to it for covariance algebras). For rather special circumstances,
we also give a definition of induced representation along the lines of Effros and
Hahn in [6], and we show that under these circumstances, the two definitions
give rise to equivalent representations. In [10], H. Leptin does much of the
work that we present in the first part of §3, but he does not include the com-
pletely general case. (In particular, Leptin’s work does not include all group ex-
tensions.) He also uses different notations and constructions throughout his work.

In §4, we obtain some results which are needed in proving the major
theorems of the paper. Included in §4 is a result concerning the problem of
obtaining the dual space of the twisted group algebra. It is an extension of results
presented by Takesaki in [17] and Leptin in [10].

The main results are presented in §5. The concern here is the conjecture
made by Effros and Hahn in [6]. The problem is to obtain the primitive ideal
space of the twisted group algebra and actually consists of two parts—kernel
containment in both directions. We present results for both parts of the problem.

In §6 we make some concluding remarks regarding possibilities of extend-
ing the results presented here.

This paper forms a portion of the author’s doctoral dissertation written at
Drexel University under the direction of Professor Robert C. Busby.

2. Definitions and preliminary remarks. In the discussions and proofs in
this paper, we will need a number of definitions, theorems, and basic facts from
the literature, and we review some of these in this section. We first note that
throughout this paper, group will always mean locally compact second countable
group, and the algebra A will always be a separable C*-algebra.

Let G be a group. The mapping x — U(x) from G into the unitary
operators on a separable Hilbert space H is said to be a continuous unitary
representation of G if U(xy) = Ux)U(y) for every x,y €G and if for
every vEH,

UG = Ulxghll — 0 as x —> x,.

(We could replace the latter condition by weak measurability. See [16, Corollary,
p. 279] ) We will usually drop the adjective “continuous”. By a representation
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7 of a Banach *-algebra C on H, we mean a homomorphism of C into B(H)
(the space of bounded linear operators on H) satisfying n@*) = n@)* and
such that the linear span of w(C)H is dense in H. The commutant of a set

F of operators in B(H), denoted F', is the set of elements in B(H) which
commute with every element of F. If w is a representation of C on H, =

is irreducible if m(C)' consists only of multiples of the identity operator on H.
Two representations n, on H, and m, on H, are equivalent if there exists
a unitary V mapping H; onto H, such that Vm,(a) = m,@)V forall a€C
Similar definitions pertain to unitary representations of G. The dual space ¢
of Cis the space of equivalence classes of irreducible representations of C, equipped
with the quotient topology (see [5, §3.5]), and the primitive ideal space, Prim C, is
the space of kernels of irreducible representations, equipped with the hull-kernel
topology. (See [5, §3.1]1.)

Let A be, as usual, a separable C*-algebra. A double centralizer on A
is a pair (m,, m,) of bounded linear mappings from 4 to A such that for
all a,b in A, a(m,b) = (m,a)b. The double centralizers form an algebra M(4)
which contains an isomorphic copy of 4 as a closed two-sided ideal. Representa-
tions of A extend uniquely to representations of M(A). For details, see [2]
and [9].

We now state the definition of twisted group algebra as given in [4]. Let
dy and A be a left Haar measure for G and the corresponding modular func-
tion, respectively (see [16, p. 367]). Let L!(G, A) be the Banach space (see
[8]) of Bochner-integrable A-valued functions on G (that is, functions which
are the limit almost everywhere of a sequence of “step functions” and whose
norms are integrable), and let Aut,(4) be the isometric *-automorphisms of A
with the strong topology. Let T be a Borel measurable mapping from G to
Aut,(4), and let o be a Borel map from G x G to the unitary double central-
izers in M(A) such that

1) [Tx)a(y, D)]alx, yz) = alx, y)a(xy, z),

) [TE)T(ya]alx, y) = afx, y)[T(xy)a],

() ax,e)=ale,y)=1, Me)=1
forall x,y,z in G and a in A, with e being the identity in G. Let p:
Aut, (4) — Aut,(4)/B be the natural projection, where B is the subgroup of
Aut, (4) consisting of inner automorphisms by unitaries. If Aut,(4)/B is given
the quotient topology, p will be continuous. If pT: G — Aut,(4)/B is con-
tinuous, (7, «) is called a twisting pair for G and A. We will always assume
that (7, o) is a twisting pair. Define a product and an involution, *, on
LY(G, 4) by

(M) = fo DTG D)o, ¥~ x)dy
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and
*0) = alx, x™)*[Tx) fx~1)*] A).

The result is a Banach *-algebra which we denote by L!(G, 4; T, a), the
twisted group algebra on G with values in 4 produced by the twisting pair
(T, a). We denote by C*(G, A; T, a) the enveloping C *-algebra of
L'(G, 4; T, o) (see [5, §2.7]).

The proofs of our main results depend rather heavily upon being able to
apply the Corollary in [3]. For this, we need the concept of a smooth twisting
pair as defined by Busby. A twisting pair (7, &) is said to be smooth if the
following two conditions are satisfied:

(1) There is a neighbothood N of the identity e in G such that the
restrictions of T and « to N and N x N, respectively, are continuous.

(2) Foreach x in G, there is a neighborhood N, of e in G such
that B(x~!, y, x) is continuous in N, as a function of y, where f(x, y, z) =
a(x, Y)a(xy, z).

The representations of L'(G, A; T, o) are in a one-to-one correspondence
with pairs of the form (m, U), where:

(1) = is a representation of 4 on H.

(2) U is a weakly measurable mapping from G to the unitary operators
on H such that U(x)U(y) = n(a(x, y))U(xy) for every x,y in G.

(3) Ux)n@Ux)* = n(T(x)a) forall x in G and a in A.

Such pairs are called representing pairs for G and A. The one-to-one corres-
pondence mentioned above is set up by L(f) = [on(f(x))U(x)dx. In this case
L is called the integrated form of (m, U). If L, and L, are the integrated
forms of (w,, U;) and (m,, U,), respectively, then a mapping V sets up an
equivalence between L, and L, if and only if ¥ sets up an equivalence
between m, and m, and between U; and U,. For details, see [4].

Let (7, &) be a twisting pair for G and A. By [4, Lemma 4.6], G acts
on the dual space A of A asa topological transformation group by [7], =
[m.], where m (a) = n(T(x)a) and [n] denotes the equivalence class of =. If
[r] € 4, the subgroup G, = {x€G|[n] = [n,]} iscalled the stability group
of m (or of [m]). By [17, Theorem 2.4],if A istype I, then G actsasa
Borel transformation group on A , and the stability groups are closed subgroups
of G. If all stability groups are trivial, G is said to act freely on A.

We will also need the concept of quasi-invariant measures. Let G act on
a Borel space I' as a Borel transformation group. Let u be a measure on T,
and for each s €G, let s(u) denote the measure defined by s(u)(E) = u(Es)
for each Borel set £ in T, where Es means the elements of E acted upon
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by s. If s(u) and p are equivalent (in the sense of absolute continuity) for

all s €G, p issaid to be quasi-invariant. If the quasi-invariant measure u satisfies
ME)=0 or yI'-E) =0 for every Borel set E of I' with u(E A Es) =0
for every s € G, then pu is said to be ergodic, where A here means the sym-
metric difference of sets. If u is concentrated in an orbit, u is said to be tran-
sitive. We denote by A the Radon-Nikodym derivative of s(u) with respect to
M; that is,

Jrasna, )dut) = [£enducr

for all integrable Borel f. The function A satisfies the property

Ay, xp) = N7, X)\(¥X, )

for every x,y in G and almost every y €T.

3. Induced representations. We give two definitions of induced representa-
tion. The first is a general definition that works in all twisted group algebras, and
the second makes no sense in the general setting but is extremely useful for our
purposes when it does make sense. We show that under special circumstances,
the two definitions give rise to equivalent representations, and we obtain other
results which are needed in later sections.

Let (G, A; T, @) be a system such that 4 is a C*-algebra; G is a group;
and (7, @) is a twisting pair for G and A. Let (m, U) be a representing pair
for (Gy, A; T, o) on a Hilbert space H, where G, is a closed subgroup of G.
Let u be a quasi-invariant measure on the right coset space G/G, and let A
denote the corresponding A-function (the Radon-Nikodym derivative of s(u)
with respect to p). Following the lead of Mackey in [15] and Takesaki in [17],
we now construct an induced representing pair for (G, 4; T, «).

Define H to be all H-valued functions on G such that

(@ (f(x)lv) is a Borel function of x for every v € H, where (°|*)
means the inner product in H.

(b) f(xy) = m(alx, ¥))Ux)f(y) forevery x €G, and y EG.

© Jg/6 o SIS (x))duE) < oo, where % is the coset of x.

The integral in property (c) is well defined because of property (b). Define an
inner product on H by (f1f,) =/ (f1)1f,(x))du(x), where we identify func-
tions equal almost everywhere. We then have that H is a Hilbert space. For
each a € A, define an operator (@) on H by

@T@F)) = 1(T(»)a)f(»)
forall f€ ﬁ, Y €G. Foreach y € G, define an operator ?/( ») on H by
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T ) = Nx, y)hn(alx, »)f ()

forall f€H, x €G. Note that 7 @f and U (»)f are indeed members of
H, for certainly properties (a) and (c) above are satisfied, and if x € G,, y €G,
then

@@ xy) = n(TExy)a) f(xy) = 7(T(xp)a)a(elx, y)*)Ux) ()
= 1([Txy)ala(x, »))UE)f ()
= m(a(x, Y)I(TET (DU f ()
= m(a(x, ) UE(T(¥)a)f (»)
= m(alx, YY) UEXT@) )().

Also, if x €G, y, z €G, then

T@N) = My, 2)%n(alxy, 2)f(2)
=\, 2)%n(e(ey, 2)n(alx, y2)*)UE)f(yz)
=\, 2)"n(a(x, »)*[TE)a(y, DU f(y2)
= A, 2)"*n(ax, ) UEm((Y, 2))f (v2)
= 1, Y)HUEDT 1)),
so our assertion follows.
THEOREM 3.1. (T, ﬁ) is a representing pair for (G, A; T, o).

PROOF. Clearly ¥ is a representation of 4 and U (x) is unitary for
each x, Thus we only need to show that (i) ff(x)ﬁ( ») = ®(ax, ¥))U(xy), and
(i) U (@Ux)* = F(T(x)a). Equality (i) holds, for -

T&T) @) = Mz, x)%n(olz )NT ) )ex)
= A&, X)"\@x, y)n(odz, X)m(edzx, ¥))f (@xp)
=Nz X)) a([T@)a(x, ¥)alz, X)) f (2xy)
= n(T@alx, YT () 1))
= @(alx, V)T N)E)-

Equality (ii) holds, for
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U@ f)(2) = Nz, x)”n(e(z, ))F@)f)zx)
= Az x)*n(a(z, x))m(T(zx)a)f (zx)
= Mz, X)*1(T(@)T()a)m(a(z, x))f(zx)
= n(T()Tx) )T 1)) = FTE)a)T(x) 1))

THEOREM 3.2. If (my, U;) and (m,, U,) are equivalent representing
pairs for (G, A; T, a), then (&, U,) and &,, U,) are equivalent.

PROOF. Mackey [14, Theorem 2.1] has shown that the choice of quasi-
invariant measure is unimportant as far as equivalence is concerned, so we may
assume that the same measure is used in obtaining both (7, ﬁl) and (@,, 172).
If V sets up an equivalence between (m,, U,) and (7,, U,), then W defined
by (Wf)(x) = V(f(x)) sets up an equivalence between (7, U 1) and (@, l72),
for it is easy to show that W is a unitary between Fll and 1?2, and

(W7, @)x) = W@ @F)X) = Vmy (T(x)a)f (%)) = mp(T®)a)V(f(x))
= m,(T@a)(W)E) = (F,@Wf)x).
Also,
WT,(NNE) = VI, () NE)] = M, »)% VI (et y)IU, () ()]
= M, »)"my(elx, YU,V @) = (T,()WF)(x).

Clearly, if G, is taken to be the trivial subgroup of G, then the induced
representation is determined by the representation 7 of A4. In this case, the
induced representation is equivalent to the induced representation in the sense of
Busby and Smith in [4], and we denote these representations by /().

We now give a definition of induced representation along the line of Effros
and Hahn in [6]. For this, we assume « is continuous. In this case, the space
of continuous functions with compact support, equipped with multiplication and
involution as in L!(G, 4; T, &), becomes a *-algebra, which we denote by
K(G, A; T, a). Let ¢ be a positive linear functional on K(G, 4; T, o). Then
¢ defines a pseudo inner product on K(G, 4; T, @) by (flg) = ¢(f*g). Let
N denote the set of functions f such that (f|f) =0, and let H,(¢) denote
the quotient space K(G, 4; T, )/N. Then ¢ defines an inner product on Hy($).
Denote the completion of Hy(¢) by H(¢), so that H(¢) is a Hilbert space. If
ZE€EK(G, A; T, a), let g denote the equivalence class of g in Hy(¢). For each
f, € €K(G, 4; T, o), define L($)(f)¢’ = (fg). We show that L(¢) can be
extended to a representation of L'(G, 4; T, o) by exhibiting a representing pair
(my, Uy) for which L(¢) is the integrated form.
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Let @ €A. Foreach fEK(G, A; T, «), define my(a) by m,@)f =
@f) where (af)(¥) =af(y) foreach y in G. Foreach s in G, define
Up®) by Uy®f' = 6£), where (%) = TGS (™o, s™%5) for each
y in G. We will abuse the notation and write my(a)f and Uy(s)f for com-
putational purposes.

LEmMA 33. (my, U,) as defined above extends uniquely to a representing
pair for (G, A; T, o) on H($).

ProOOF. We first show that 7, can be extended to a representation of A.

It is clear that, for each a in A, m,(@) is a linear operator on Hy(¢). We
show that m,(a) is bounded and hence can be extended to H($). Note that
(af )*@f) = f*@*af). Let k = (lall> —a*a)*. (Here we are treating elements of
A as though they were in the double centralizer algebra M(4).) The function k
exists since lla*all = lall>. Now k € M(A), so (kf), defined by (kf)(x) =
kf(x), is an element of K(G, 4; T, ). For each x in G,
[Gen* N @) = [EN*OXTOIRN ™ 2oy, ¥~ x)dy

= [AG™e0, Y TONRNOITONENG ™ Xaly, ¥ x)dy

= A0 )0, Y TOITO Y RNTONE O~ a0, 5~ x)dy

= [A0 ), y P TONS O RO e, v X)dy

= [AG e, y P TOO™)*Ulal? —a*a)f (0] ey, y~ x)dy

= lall? A0y, y P TOIO YO 20y, y~1x) dy

~ [0 a0,y YA HTO a6 x))e, y ™ x)dy

= llali®f*f(x) - £ *(a*af)(x).
Hence (af)*(af) + (kF)*(kf) = llall*f*f, so li@f )'llg + lIkf )’!l; = lall®llf 'lI:,-
Then [I@f)'ll, <liall IIf’ll, and (@) is continuous. Now for g, f in
K(@G, A; T, a), g*@af) = (@*®)*f, so

(@) ) =9(5*@N) = H@*D)*N = (F'1@*))y = (£ I ya*e),.

Thus m, becomes a representation of A on H(¢).

We now show that for each s in G, Uy(s) is unitary. First note that for
h€K(G,A;T,a) and y in G,

Up®M*(») = a(p, y " [T(Up&R(~ M A™)
= oy, YT TEORE Yy Nats, s~y D] *A™)

= oy, YT G, s~y ) TRy )MA™).
Thus, for each h, g in K(G, 4; T, a),
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(Up()h)*(Uy(s)g)x)
= [0,y ) TOXals, sy TR ™))™}
A{TW) TGy x)als, s~y 1x)] oy, y~1x)} dy

= |a@, y")*T(»)als, s~y e, X)TOxR((rs)™)*

* T()g((ys) ' x)a(y, *TO)ats, (v8) " x)a(y, y~ ' x) dy
= [AEk0, y Y TO)ols, (7)) *ay, s, 5y~ (i)

* T(y9)e((¥s) ™' x)a(y, X)*T(¥)eds, ()" %)y, y~'x) dy
= [a(s7, 97T ats ¥ %057, a0, yTHE%G)

* Ty~ x)a(ys™, *T(ys " as, y ™ a(ys™!, oy~ x)dy
= [ TIEO )eGs™, P*TOs ™G, y 5o, 7~ x)dy
= [B*OXTG) ey ey, ¥~ x)dy = h*g(x).

Hence (U¢(s)8'IU¢(s)h')¢ = (g'Ih"), and Uy(s) is unitary and extends to a
unitary operator on H(¢).

Finally, it is easy to show that U¢(x)U¢( y) = my(ofx, y))U,(xy) and
Up(x)my(@)Uy(x)* = 1r¢(T(x)a) forevery x,y in G and a in A. Therefore
(mg, Up) is indeed a representing pair.

LEMMA 3.4. With notation as before, L(¢) is the integrated form of
(1r¢, U,) and hence extends uniquely to a representation of LYG, A;T, @) on
H(¢).

Proor. Foreach f,g in K(G, A; T, a) and x in G,
(B = [ FOTG . y'x)dy
= [, (fONUL(7))6) dy,

s0 LGS = [1(fONUa(3) dy.

We now define ¢ in a special way and show that the resulting L(¢) is
unitarily equivalent to the induced representation in our sense. Let m be a
representation of 4 on H, and let v € H with |vll = 1. For each f in
K(G, A; T, o), define ¢(f) = (n(f(e))vlv). The function ¢ is clearly a linear
functional on K(G, 4; T, o). We have

@ = [FOTOF Moy, y )y
= (a0 )T G, yOI*TG) e, y™] dy.
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Thus,
o*) = [AG YR TOI & N, y Dol [(TGIF (s )] v)dy >0.

We may therefore use ¢ to define a representation L(¢) of L!(G, 4;T, a) on
H(¢).

THEOREM 3.5. Let w be an irreducible representation of A on a Hilbert
space H. Let v €H with |lvll = 1. Define ¢(f) = (n(f(e))vlv) foreach fE€
K(G, A;T, a). Let L(¢) denote the representation of L' (G, A; T, &) defined
by ¢. If the stability group of w is trivial, then I(n) and L(¢) are unitarily
equivalent.

PROOF. The Hilbert space of I(r) is L?(G, H, u). Define W: K(G, A)
— LG, H, 1) by

W) = Nex, x AT ) O e, X

We show that the closure of W sets up the desired equivalence. Note that

11 _Ns s _ —1
AGt, £S5, D ) A, 1) = A, s77).

Now

ff GONGst, 157 HNG, 1)du(s) = f FEAG, s~ du(s).
But

Jresonet, TN, Ddue) = [FstNs sdu().

But this means that A(s, s!)du(s) is a right-invariant measure, so A(s, s~ Hdu(s)
= A(s"!)ds. (See [16, p. 36].) Let f, g be in K(G, A; T, a). Then

WNIWGE) = [ WU Xx) W) du(x)
= [0, X (T 10 e, X olnr, X1
* M7 alx, x~1))v)dpux)
= [, X YTt e, x DT F ), 1) vlo)dux)
= (A 0t 57 TOrdeto™ YN e, 3~ o)
= (I Jaer ot 5T )@ s~ et e )
= (n[f £ CXTOIF ), x71 )dx] vlu)
= (m(g*f(eDvlv) = ¢(g*) = (f18),-
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Hence W is unitary if ?I(s)W= WUy(s) and T@W = W, (a), where L($)
and I(m) are the integrated forms of (my, U,) and @ ), respectively. This
is because I(m) is irreducible. But

TEWNG) = N, 9%y, HWFNys)
=\ )" As, s~y ) a(ay, YT () 6y ey, sy
= A, y AT TE) 6™y Ny, s)ys, s~y
= A, y A @)TES 6™y ats s~y Dy, vy
=\, y Y ERTYUG XYy, v~
= (WU, f)(2)
and
F@W)P) = 1T, y™) (T f(r ey, y ™
=\, ¥ ) (T()af Xy ey, y~ )
=N, ¥ ) TN @ F Xy )y, e = Wry@ ).
Hence W sets up the desired equivalence.

4. Orbits of representations. We now investigate the relationship between
induced representations and orbits in the dual space A of A If 7 isan
irreducible representation of A, then the orbit of [r] in A is {[m° T(x)]I
x € G} where here the square brackets indicate equivalence class.

LEMMA 4.1. Let G, be a closed subgroup of G and let (m, U) bea
representing pair for (Go, A; T, o). Then for each s € G, the pair (mg, Uy)
defined by ma) = n(T(s)a) and U x) = m(as, x)(sxs™ ", ) U(sxs™?!) isa
representing pair for (s"‘Gos, A; T, a).

ProoF. Let s€G and x =s x5, where x, €G,. Then
Ue)m(T()a)Ug(x)* = m(ods, x)alxg, )*)Uxo)m(T(s)a)U(x o) *m(odxg, S)ols, x)*)

= m(afs, x))m(axg, $)*[T(x)T(s)a] alxg, S)m(as, x)*)

= m(a(s, x)[T(xg, s)aja(s, x)*) = n(als, x)[T(sx)a] afs, x)*)

= 1(T()T(x)a) = ny(T(x)a).

If y=x71yys, yo €G,, then
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T5(ax, Y)Usxy) = n(T(s)alx, y))m(als, xp)alxoVo, $)*)Uxev,)
= m(a(s, x)a(sx, y)axoy o, )*axg, ¥o))Ulxo)Ur,)
= m(a(s, x)asx, V) {[T(x o)y, )] alxq, ¥o$)}*)U(x()U(r)
= m(als, x)a(sx, y)dxg, ¥05)*T(x )y g, $)*)Ulxo)U(r,)
= m(a(s, x)alsx, y)a(xg, ¥o8))Ulxo)m(a(yy, s))U(y,)
= m(als, x)sx, y)a(eg, ¥os)*)UlxoIm(a(s, y)*Im(als, y)ayo, S*)U,)
= m(a(s, x)a(sx, y)alx g, ¥o8)* [T(xg)als, ¥)*1)Ulxo) U (»).
But
o(sx, Y)alxq, ¥o8)* [T0oots, 7)*]
= alxo, $)*[T(xo)als, ¥)] alxg, yo8)xlxo, ¥o8)* [T(xo)als, ¥)*]
= a(xg, 5)*.
Thus, my(a(x, ¥))U (xy) = Ufx)U(»), so (m,, Uy) is a representing pair.
LemMMA 4.2. Let Gy, (m U) and (my, U,) be as in the previous lemma.

Then (%, U) is unitarily equivalent to (T, ﬁ,).

PROOF. We shall denote s7'Gys by Gy(s). Let u be the quasi-invariant
measure used to obtain (7, U ) and let A be its associated A-function. Let ¢
be the 1-1 Borel set preserving mapping from G/Gy(s) onto G/G, defined by
#(f) = Gyst. For each Borel set E in G/G(s), define p'(E) = p(¢(E)). Now
®(Ex) = ¢(E)x for every x €G, so u' is a quasi-invariant measure on G/G (),
and its associated A-function is defined by \'(7, x) = N(¢(?), x); i.e., NG, x) =
AGsh, x). Thus we may use ' to obtain (7, U).

Let H and H s denote the Hilbert spaces of the induced rei)resenting pairs
@, U) and @, ﬁs , respectively. For each f Gifs, define h(r) =
n(als, s~16)*) f(s1). We now show that h, €H. Let xE€G,, y€G. Then

hx) = m(e(s, s™1xp)MF 6™ xp) = m(ats, s xp))f(s™ xss~ Ly)
=n(a(s, s~ x)In(TE)als™ xs, s 1)U Lxs) s~ Ly)
=m(als, s~ Lay)ImT()ols ™ xs, s~ y)*)mlefs, s~ xs)atx, SHUGS™"y)
= (s, s~ 'xy)*[T(s)a(s™ Yxs, s~ ) als, s~ 1xs)a(x, 5)¥)U(x)
* w(als, s~ YA ()
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= n(as, s~ xy)* [T(s)as ™ xs, 57 y)*]

* s, s~ xs)adx, $)*[T(xdacs, s~ )] U (¥)
= n(a(xs, s'y)*alx, $)*[T(x)als, s~ ) UXA(»)
= n([Tx)als, s~'y)]alx, Y)*a(T(x)as, s~ y)UERAY)

= n(ox, NIV, ().
Also
fG/Go("f(x)V’f("))d“(*) = fa/co(f(s"x)lf(s"x))du(x)
= S o166 E LG 5)
- f 6164 fOIf (O)dr' ().
Thus, i, € H.

Now, for each f€ H,, define V: H;— H by Vf=h,. We show that
V is the desired unitary mapping. V is onto, for if h € H, then Vf=h where
f is defined by f(x) = n(a(s, x))h(sx). We thus have that V is a unitary map-
ping from 17:, onto H. Let JS FI;.
@@VHE) = n(T@a)n(als, s~ O*fG'0)

= n(a(s, s~ YT T Da) ™' 1)

= n(als, s (T DD )

= n(a(s, s~ )TN

= (VA (a)fX2).
Also
T VAE) = M, x)%n(adt, x)(VFEx)
= A(t, )" n(e(t, )m(als, s~ )G )
and

(VU)X = nols, s ODT0NE"D)
=N(@""4, ) n(als, s ONMTEl™ ", ) 1)
=\, x)"*n(als, s )*als, s~ (e, x)als, s~ X)) f(s ex)
=\, x)%m(alt, )5, s~ x)*)f (™ 1x).

This completes the proof.
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COROLLARY 4.3. The induced representation I(m) is unitarily equivalent
to I(n) for every s €G. In particular, if w is irreducible, then every element
in the orbit of [n] induces the same (up to equivalence) representation.

We now turn our attention to the relationship of I(m) to I(m,), where

Ty is an element in the support of m. We show that, under special circumstances,
I(m) and I(m,), as well as another related representation, are weakly equivalent.
Suppose A is type I and (m, U) is a factor representing pair for (G, 4; T, a)

on H,. Then, as shown in [17] there exist a Hilbert space H and an ergodic,
quasmnvanant measure y on A such that H, = L¥A, H ) and 7=
f AT, du(y) where, for almost every v, m, is a factor representation which is
quasi-equivalent to an element of y. Furthermore, by [5, §8.6.9], the support
of w is the support of u. With this in mind, we state the following lemmas.

LEMMA 4.4. If A is type land p is an ergodic, quasi-invariant measure
on the dual space A of A, then the support of u is an orbit closure in A.

PrROOF. The proof of [6, Lemma 1.1] and the discussion preceding [6,
Theorem 1.3] hold in the more general setting, so the lemma is true.

For every representation L, let ker L denote the kernel of L. Recall that
C*(G, A; T, a) denotes the enveloping C*-algebra of L!(G, 4; T, ).

LEMMA 4.5. Suppose (T, a) is a smooth representing pair, and let w be
a representation of A such that the support of m is an orbit closure, say
[7o]G. Then I(m) and I(my) are weakly equivalent.

PrOOF. Since m, € support of m, m, is weakly contained in 7. Thus,
by [3, Corollary 1], I(m,) is weakly contained in I(m).

Now 7 is weakly contained in its support, so I(m) is weakly contained
in I([7y]G). Let ¢, € ETE;‘. Then, by [5, Theorem 3.4.10], §, is weakly
contained in [my]G. Thus I({,) is weakly contained in I([m,]G). But by
Lemmas 4.1 and 4.2, I([7,]G), up to equivalence, is just I(my). Hence I({,)
is weakly contained in I(m,). Let I({) also denote the corresponding representa-
tion of C*G, A; T, a). Then we have

(1) I(m) is weakly contained in I{[ry]G) on C*(G, A; T, o), and

Q) if ¢ €[]G, I&,) is weakly contained in I(my) on C*G,4;T,q).
The above two statements (since we are now working on C*(G, 4; T, o)) are
equivalent to saying

—0_
1) ker I(m) D [my] G ker I(§), and
(?) ker I(§,) D ker I(my) if §; € [m,]G.
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o\
Now 7, € [m,]G, so [my]G ker I(§) = ker I(my) because of (2). Thus by (1),
ker I(m) D ker I(my) on C*(G, A; T, a); that is, I(m) is weakly contained in I(m).
We immediately have the following corollary.

COROLLARY 4.6. With notations as in Lemma 4.5, ker I(m) = ker I(m,).

Let (m, U) be a representing pair for (G, 4; T, &) on the Hilbert space
H. The Hilbert space of I(n) is L?(G, H, ), where p is a finite measure on
G with the same null sets as Haar measure. Let U; denote the representation
of G induced from the one-dimensional identity representation of {e} using
the measure u. (Thus U, is the left regular representation of G.) Let L®
denote the integrated form of (n® I, U ® U;) where I denotes the identity
operator.

THEOREM 4.7. With notation as above, I(n) is unitarily equivalent to L®.

PrOOF. The Hilbert space of L® is H ® L*(G, u). Define W:
H®L*G, u) — L*(G, H, u) by W(F)z) = UZ)V(f)z) forevery z in G,
where V is the unitary mapping of H ® L?(G, u) onto L2(G, H, ) which
satisfies V(h ® g)(z) = g(z)r for every h € H and g € L%(G, ). (See [5, p.
153, Corollary].) We show W sets up the desired equivalence. W is a unitary
mapping, for W is clearly linear and for every f,, f, €H ® L%(G, n),

(WDIW(S) = f WA D@IWS,)2))dz = f USRIV (2)dz
= f VU@V ()@)dz = (VUDIVS,) = (1 f2).

Also, forevery a €A, h€H, g€ LG, 1) and z €G,

W(n(@) @ 1)(h @ g)(z) = W(n(a)h @ £)(z) = g)U(2)n(@)h = g(2)m(T(2)a)U(z)h
= 1(T(2)a)g(@U(2)h) = n(T(2)a)(W(h ® £)(2)) = (W @W(h ®)X2)

and for s in G,

W(Us) @ UL () ®£)(2) = W(Us)h ® Uy (s))(2) = (U (s)e)(2)UE)U(s)h
=Nz, 5)"g(zs)Uz)U(s)h
=z, 5)%g(zs)n(alz, s))UEs)h
=z, 5)"“n(a(z, 5))g(zs)U(zs)h
=G, 5)"n(olz, s)W(h ®g)(zs)
= W@ 2)).
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Since elements of the form & ® g are dense in H ® L*(G, u), W sets up the desired
equivalence.

COROLLARY 4.8. With notation as in Lemma 4.5 and Theorem 4.7, I(m)
is weakly equivalent to L® (Hence ker I(my) = ker L®)

In [15], G. W. Mackey showed that under special circumstances (i.e., when
the orbit space of G is countably separated) all representations of G (up to
equivalence) may be obtained by inducing from certain subgroups of G. In
[17], M. Takesaki generalized this result to include covariance algebras (i.e., where
a is trivial), and in [10], H. Leptin generalized the result to the twisted group
algebra case with T multiplicative. We give here an extension of this result to
the general twisted group algebra case.

COROLLARY 4.9. Let A be a type 1 C*algebra, and suppose the orbit
space A /G is countably separated. Then every factor representing pair (m, U)
of (G, A; T, &) is induced (up to equtvalence) by a representing pair (r.,, U,y)
of G, AT, a) for some point €A suchthat m, isa factor representa-

k%
tion which is quasi-equivalent to a member of v and G, is the stability group

of 7.

PrOOF. We do not give a proof here. The proof of [17, Theorem 6.1]
given by M. Takesaki may be modified to give a proof of this theorem. The
proof requires many preliminary results and technical lemmas whose proofs fol-
low, for the most part, those of Takesaki. The introduction of a presents many
technical difficulties but does not drastically alter the techniques involved. Some
of the needed results are presented in the material which precedes the corollary.
For the person who is genuinely interested in seeing the details, see [1].

S. Primitive ideal spaces. This section is devoted to the study of the
primitive ideal space of the twisted group algebra LY(G, A; T, o). The goal is
to obtain the primitive ideal space of the twisted group algebra by inducing
representations from stability groups. We generalize some of the results of
Effros and Hahn in [6] to the general twisted group algebra case, and some to
the more restricted case where the cocycle a is continuous. The major difficulty
arises because the algebra A is not commutative. When A is commutative, the
dual space of A can be identified with the space of characters of A (that is,
complei(-valued, nontrivial *-homomorphisms of A), so it is unnecessary to con-
sider equivalence classes of representations of A. In the noncommutative case,
however, equivalence classes must be considered. This results in the problem of
having to choose the correct representative from the equivalence class and is one
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of the major reasons that Effros and Hahn’s proofs break down in this setting.
Another major obstacle in generalizing the results to twisted group algebras (even
when A is commutative) is that when a is present, the twisted product of two
continuous functions with compact support need not be continuous. This is the
reason that part of our results require continuity of a.

We are now in position to prove the theorem which solves the first part of
our problem. A group G is said to be amenable if the left regular representa-
tion U, of C*(G) is faithful (that, has only zero in its kernel). Let K(G)
and K(G, A) denote the continuous functions (complex-valued and A-valued,
respectively) with compact support. It is well known that these spaces are dense
in LY(G) and L'(G, A), respectively.

THEOREM S5.1. Let A be typel. Let G be amenable and act freely on
A. Let L be an irreducible representation of L'(G, A; T, &) (where (T, o) is
a smooth twisting pair) with corresponding representing pair (v, U). The support
of min A s an orbit closure, say E-]_G'. In this case, L is weakly contained
in I(my). (Hence, as representations of C*(G, A; T, o), kerI(my) < ker L.)

ProofF. From Lemma 4.4 and Corollary 4.8, it suffices to show that L
is weakly contained in L®, where L® is the integrated form of (m® 1, U®U,),
U, being the left regular representation of G.

By [7, Lemma 3.4] and [6, p. 66], there exists a net of continuous positive
functionals {g;,} on K(G) such that q,(f) = (W{f)x;lx) and q,(f) — q(f)
for every f € K(G), where q is the positive functional on K(G) corresponding
to Haar measure on G and W, is unitarily equivalent to a subrepresentation of
the left regular representation of C*(G). Thus, Uj, the representation of G cor-
responding to W, is equivalent to a subrepresentation of U,. If V; sets up
this equivalence then I ® V; sets up an equivalence between L;, the integrated
form of (7 ® I, U ®U}), and a subrepresentation of L®. Hence L; is weakly
contained in L® for each i.

Now let x and y be arbitrary vectors in the Hilbert space of L. Then
for all fE€K(G, A),

LN @x)y 8x) = [([r(FEUE) ® Ufs)] G ® x)ly ®x,)ds
= [V IYXU G b ds.
Let g(s) = (n(f(s))U(s)xl ). Then g €EK(G), so
Je) U315 = a8) — ale) = [e(6)ds = L(Dy).

Thus L isweakly contained in {L;} and hence in L®. This completes the proof.
We now investigate the second half of the problem; that is, with notations as
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in Theorem 5.1, we investigate the problem of determining whether I(m,) is weakly
contained in L. For this, it has, unfortunately, been necessary to use the idea of
induced representation in the sense of Effros and Hahn. This is the alternate defini-
tion of induced representation which we give in §3.

Before stating the main theorem, we need the following result. If L isa
representation of L'(G, A; T, ), let L denote the corresponding representation
of C¥G, A; T, a).

PROPOSITION 5.2. Let J be a closed ideal in C*(G, A; T, o), where a
is continuous. Suppose there exist positive functionals {¢;} and ¢ of
K(G, A; T, o) such that J C kernel Z(¢,) for each i and ¢(f) — &(f) in
K(G, A; T, a). Then JC kernel L(¢).

PrROOF. With a few minor modifications, the portion of the proof of [6,
Theorem 5.11] on p. 66 works in the more general setting.

THEOREM 5.3. Suppose A is type land G acts freely on A Let P
be a primitive ideal of C*(G, A; T, o), where a is continuous. If there exists
a representation L of L'(G, A; T, @) with kernel L =P such that the cor-
responding representing pair (n, U) has U norm continuous, then P C
kernel / (mo), where m, is an element in the support of m.

PROOF. As pointed out in [17], we may assume without loss of generality
that 7 and the central system of imprimitivity have uniform multiplicity »; i.e.,
we may assume that 7 = f%r,ydu('y) where ., is a factor representation for
almost every v, and H, = L*(4, H, ). Furthermore, by [17, Theorem 4.1]
and [1, Theorem 4.3], there exists a function W mapping A x G into the

unitary operators on H such that for almost every v in 4 ,

WE N =N, %Wy, 97 ()

forall f€ H,, where X\ is the A-function corresponding to p.
Let v be an element of norm one in the Hilbert space H, of m,, where
Mo is any element in the support of . Let ¢(f) = (mo(f(e)vlv) for all
FEK(G, A; T, o). We show that ¢ is the pointwise limit of positive functionals
associated with L, and the theorem will follow from Proposition 5.2, since if
is such a functional, then L(Y) is equivalent to a subrepresentation of L.
Given f,***,f,, in K(G, A; T, @) and € > 0, we show that there is
a positive functional p associated with L which approximates ¢ to within €
on the f;. Choose a compact set C with support f;C C forall i. As =
and U are both norm continuous, we may choose a compact neighborhood N
of e in G such that [I7(f(s))U(s) = n(f{(e))l <e/2 forall s in N. Let
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C, =C~—N. Since C,; iscompactand G acts freely on A, there exists a
neighborhood @ of [my] such that QC, N Q is empty. Let R be a neigh-
borhood of m, in the space of irreducible representations such that
I(o(fi@)lv) — (mo(fe)wlv)l < €/2 forevery o in R. Let S be the inter-
section of @ with the image of R in A Let H'o be a Hilbert space such
that H=H, ® Hy, and let I, be the identity on Hy.Take v, € Hy of norm
one and form w =v @ v,. Then for every ¢ in R,

I((a(fi(e)) ® I)wiw) — &(f) <e/2.

Since R is a Polish space, there exists a measurable cross-section [a;] in R
Let o, = ofy ® I,. For almost every 7y, m, and o, are quasi-equivalent and
have the same multiplicity and hence, since A4 is type I, are equivalent. By [5,
Proposition 8.2.3], there exists a unitary V =/ ?V('y)du('y) such that
V(v)o,(@V()* = n,(a) forevery a in A and almost every v in S. Define
x(y) = W(y)w for every v in S and x(y) =0 for all other 7 in A. Let
x = [$x(v)duy). We have that |(m (f()W@)Ix(7)) = &(f)I < e/2 for almost
every v in S.

Choose B € L™(A, p) such that B >0, fB(y)*>du(y) = 1, and B vanishes
outside of S. Sucha B exists since [m,] € support of u and [m,] €S.
Define E = B/(ds(N))” and p(f) = (L (f)Ex|Ex). We show that p has the
desired properties. Note that

p(f) = f c(@(fi($))U(s)Ex|Ex)ds
= JoJ s (N, 9 Wer, JEQIEI)dur)ds
= f N@(f$))UG)Ex|Ex)ds.

The last equality follows from the fact that x(y) =0 if Y€ S andif YES
and s €C,, then s isnotin S,so x(ys) =0. Let

Fy = [\ (n(f(e)Ex|Ex)ds = (n(f(e))BxBx).
We have

Ip(7) - Fil = | [y(In(£,6)Us) ~ 1(f()) Ex|Ex)ds|
< [ InCr)UE) - n(fNIEx\Ex)ds
< (e/2) fy(Ex|Ex)ds = (e/2)(Bx1Bx)
= (e/2)fs B2 (x(MIx()du(r) = (€/2) L B(v)*du(Y) = €/2.

Furthermore
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IF; = ()| = [(n(fe)BxIBx) = (o (fi(e)ulv)]
= |5, (@)BE M) BOX M) ~ [{BOY (o (fi(@)oloXu(y)]
= |fslen, (@R - (o e)wl)] By duy)|
<(e/2) fB()*du(y) = 2.

Thus |p(f)) — ¢(f})| <e. This concludes the proof.
As a consequence of Theorems 5.1 and 5.3 we get the following corollary,
which includes as a special case a result obtained by Zeller-Meier in [18].

COROLLARY 5.4. If G isdiscrete, amenable, and acts freely on A, with A
type 1, then there exists a one-to-one correspondence between orbit closures in A
and the primitive ideal space of C*(G, A; T, «).

6. Conclusion. The problem of obtaining the dual space of the twisted group
algebra by inducing has been solved in the general setting if 4 istype Iand G acts
smoothly on 4. The problem of obtaining the primitive ideal space of C*(G, 4; T, @)
has been solved to a certain degree when the pair (7, ) is smooth. Part of the solu-
tion, however, required continuity of a. It appears that the same techniques can be
used even if « is not continuous by considering equivalent twisting pairs as was done
in [3], but we have thus far been unable to obtain the desired results in this way.

In [7], E.Gootman was able to relax the conditions of free action and norm
continuity required in Theorems 5.1 and 5.3 (for the transformation group case).

We see no immediate way to carry through Gootman’s generalization to the twisted
group algebra case. The problem of generalizing free action causes complications
since if « is present orif A is not commutative, a o-representation of G is required
for the inducing so the one-dimensional identity representation cannot be used to
induce and it is not at all clear which o-representation should be used. To relax the
norm continuity condition, Gootman assumed the existence of a uniform eigenvector
forall U(s). We encounter difficulty here because we have to use equivalence classes
of representations of A4 and hence it is difficult to use a fixed vector throughout,

as one may see in our proof of Theorem 5.3.
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